According to the antagonistic pleiotropy theory of ageing, natural selection has favoured genes conferring short-term benefits to the organism at the cost of deterioration in later life. The 'disposable soma' theory expresses this as a life-history strategy in which somatic maintenance is below the level required to prevent ageing, thus enabling higher immediate fertility. It has been argued that a non-ageing strategy will always be bettered by a low but non-zero rate of ageing, because the costs of such ageing will be felt only in the distant future when they are of negligible importance. Here, we examine this argument critically. We find that a non-ageing strategy will be locally optimal if, in the presence of ageing, the onset of deterioration is sufficiently rapid or early. Conversely, ageing will be optimal if deterioration is sufficiently slow or late. As the temporal profile of ageing changes from one of steady deterioration to one involving a sudden loss of vitality after a period of little or no decline, the conditions for a non-ageing strategy to be locally optimal become progressively more stringent. But for all forms of profile considered, conditions can be found for which a strategy involving no ageing is locally optimal.
INTRODUCTION
Ageing describes a gradual deterioration in an organism's condition, resulting in increasing mortality and declining fertility. It appears to be, if not universal, then almost universal among organisms in which there is a distinction between germline and soma (Kirkwood 1999) .
Biologists classically distinguish between extrinsic and intrinsic causes of mortality. Extrinsic mortality describes death resulting from external factors such as predation, accident and disease. Intrinsic mortality describes death caused by physiological changes in the organism. The distinction is simplistic because in reality internal and external factors interact as causes of death. For example, as an animal ages it may become slower and hence more likely to be killed by a predator. For modelling life-history strategy, what matters is that even for an organism that does not age, there will be some mortality: extrinsic mortality refers to this. Intrinsic mortality refers to the increase in mortality caused by the effects of ageing. The intrinsic mortality arising from a given amount of physiological deterioration will, in general, depend on an organism's environment (Williams & Day 2003) .
Other things being equal, an organism would have a higher fitness if it did not age. While the negative effects of ageing are most readily observed in humans and other captive animals, they may also be important for some wild populations (Bonduriansky & Brassil 2002) . Why then is ageing so widespread? The evolutionary perspective is based on the principle of the declining importance of the future. Even if an organism does not age, because of extrinsic mortality its chance of still being alive at some future time will be a declining function of time. Furthermore, if the population is growing, delayed reproduction is worth less to fitness than is immediate reproduction (Fisher 1930) . The overall effect is that the expected rate of contribution to fitness of an organism's future activities declines towards zero into the distant future. It could not be otherwise, as the sum of all expected future contributions to fitness must be a finite number; this holds even if fertility increases steadily with age (Hamilton 1966) . A prediction of this evolutionary perspective is that a reduction in the extrinsic mortality rate should give rise to evolutionary change towards a lower rate of ageing. Notwithstanding reservations among some biologists (Abrams 1993) , the prediction is supported, for example, by a comparison of island and mainland populations of Virginia opossums (Austad 1993) .
Within this perspective, two specific explanations for ageing have been advanced (Partridge & Barton 1993) . According to the mutation-accumulation theory, ageing is a result of late-acting deleterious mutations being selected out more slowly than those that strike at an earlier age (Medawar 1952) . The alternative explanation regards ageing as a consequence of an evolutionary trade-off that has favoured genes giving short-term benefits at the expense of long-term costs (Williams 1957) : rather than maintaining itself in pristine condition indefinitely, an organism will have a higher fitness if it allows itself to deteriorate in order to enjoy higher short-term fertility (Kirkwood & Rose 1991) . Evidence increasingly suggests that such a trade-off is a major contributory factor to ageing (Partridge & Gems 2002) .
The present study is concerned with the trade-off theory of ageing. Because of the declining importance of the future, a life-history change that gives an organism a given small immediate reproductive benefit at the cost of some future adverse effect will enhance fitness if the time of the adverse effect is sufficiently distant. This may seem to suggest that a non-ageing strategy cannot be optimal: it would appear to be better to enhance immediate fertility at least slightly, at the cost of a very low rate of ageing, which will take its toll only in the distant future. Hamilton (1966, p. 26) writes: '… for organisms that reproduce repeatedly, senescence is to be expected as an inevitable consequence of the working of natural selection'.
The argument becomes particularly persuasive when applied to a hypothetical animal that Kirkwood (1999) calls a 'mobbit'. Mobbits do not age gradually; instead, they suffer no fertility decline or increase in mortality prior to some critical age, but deteriorate rapidly after this age. This critical age is determined genetically. In Kirkwood's example mobbits have an extrinsic mortality of 50% per year. Starting with a population of non-ageing mobbits, Kirkwood (1999, pp. 69-70) argues as follows: 'suppose a mutation happens in a mobbit's DNA that reduces its investment in somatic maintenance and makes more energy available for growth and reproduction. Let us say that the mutant is no longer immortal, but ages and dies when 20 years have passed because of an accumulation of somatic defects. Only one in a million of the mutant mobbits will know the difference in terms of its impact on survivorship, but all of the mutant mobbits will enjoy increased rates of growth and reproduction! It is clear that natural selection will favour the mutant'.
The intuition is powerful, but does it always hold? We consider life-history strategy under scenarios in which ageing is controlled by a single life-history variable. Our analysis presented below addresses the question: in what circumstances will natural selection favour a small change in this variable from the level at which no ageing occurs, in the direction of increased initial fertility at the cost of ageing?
LIFE-HISTORY FRAMEWORK (a) Fitness
We assume an age-structured population whose birth, death and growth schedules are described by the EulerLotka equation (Stearns 1992) :
where a is age measured from birth, m(a) is the average birth rate of offspring to animals of age a, a m is the age of first reproduction and l(a) is the probability of survival from birth to age a. The 'Malthusian parameter' r is the (constant) population growth rate (Fisher 1930 ) which, as is standard, we take to be our measure of 'fitness' (Stearns 1992) ; we assume this to be maximized by natural selection. If the population is stable with a maximum achievable value of r of zero, then maximizing fitness is equivalent to maximizing the expected number of offspring that survive to maturity. However, if the maximum achievable value of r is greater than zero, offspring produced at an earlier age make a greater contribution to fitness than do those produced later.
(b) The trade-off We consider the adult portion (i.e. from reproductive maturity onwards) of an iteroparous animal's life (i.e. an animal that reproduces repeatedly). We assume that there Proc. R. Soc. Lond. B (2004) is a trade-off between short-term fertility and physiological maintenance. This trade-off is governed by a variable x, with x у 0. At x = 0 the animal does not deteriorate with age and maintains its initial reproductive output rate as long as it survives. When x is greater than zero the animal has higher initial fertility, but suffers age-related physiological deterioration, resulting in declining fertility and increasing mortality.
We assume that the value of x has no bearing on the age of first reproduction, a m , or on the probability, l(a m ), of surviving to adulthood. Let t denote age measured from sexual maturity, so that t = 0 at maturity. Thus t = a Ϫ a m . The value of x affects fertility and survival for t у 0.
We define fertility as the rate of reproductive output, denoted by F (x,t) . This is related to the birth rate, m(a), by
Let S(x,t) be the probability of survival to age t after maturity for an animal with life-history parameter x that has reached sexual maturity. Then
( 2.3)
It follows that S(x,0) = 1 for all x. Animals are subject to extrinsic mortality caused by predation, disease and accidents. This is represented by a constant external hazard rate, . Thus, we assume that S(x,t) can be written in the form
where s(x,0) = 1. The function s(x,t) represents intrinsic survival, i.e. the component of the survival function that depends on x. Substituting equations (2.2), (2.3) and (2.4) into equation (2.1) gives
(2.5) Equation (2.5) defines r implicitly (and uniquely) as a function of x. A locally optimal life-history strategy, x * , is one where r * = r(x * ) is a local maximum of the function r(x). We assume that a larger value of x will tend to give higher initial fertility, but at the cost of fertility and intrinsic survival falling more rapidly with age.
(c) Vitality
It can be seen from equation (2.5) that the fitness consequences of a change in x depend on the product of fertility and intrinsic survival. We now introduce a new life-history variable, which we term vitality, denoted by V, defined as
(2.6) Vitality serves as a single variable that captures the fitness consequences of declining physiological condition with age through both increasing mortality and declining fertility. For an animal that has just reached sexual maturity (t = 0), vitality measures the expected future rate of reproductive output at post-maturity age t for an external hazard rate of zero. The standard assumptions of the trade-off theory of ageing, which we assume for this study. (a) Ageing will eventually destroy the organism: if ageing occurs, there is some time T by which relative vitality will have fallen to any specified small value . (b) Ageing can be made to proceed arbitrarily slowly: there is some positive value of the trade-off variable at or below which relative vitality will remain above some specified level (1 Ϫ ) for at least a specified duration T.
Substituting equation (2.6) into equation (2.5) yields
At the onset of maturity, vitality is equal to fertility: V(x,0) = F(x,0). We assume that initial vitality is an increasing function of x. With no loss of biological generality we now choose the scaling of x so as to make the relationship between initial vitality and x linear, of the form
where V 0 is the value of vitality for a non-ageing animal (x = 0), for which vitality does not decrease with time. We now define relative vitality, v, as the age-dependent component of vitality, i.e. how vitality compares with its value at sexual maturity. This is given by
Thus v(x,0) = 1 for all x. We also assume that at x = 0 there is no decline in vitality with age, so that
For x Ͼ 0, we assume that relative vitality will tend to decrease with age, this decrease becoming more rapid at larger x. Thus we assume that v(x,t) is normally a decreasing function of t for fixed x, and a decreasing function of x for fixed t. We make two further general assumptions. The first is that, for any positive x, ageing will eventually destroy the organism. That is, there is some age at which vitality will have fallen to any specified negligible proportion of its initial value, say 0.01%. This is illustrated in figure 1a . Formally, this condition can be written:
Proc. R. Soc. Lond. B (2004) for any x Ͼ 0 and any satisfying 0 Ͻ р 1, there is some T Ͼ 0 for which v(x,t) р for all t Ͼ T.
The second assumption is that ageing can be made to proceed arbitrarily slowly without being switched off altogether. For example, there will be some X Ͼ 0 such that if x is at or below this level, vitality will remain at 99.99% of its maximum value for 100 000 years. As x approaches zero, ageing affects the organism only in the increasingly distant future. This is illustrated in figure 1b . Formally, this can be written:
for any T Ͼ 0 and any satisfying 0 Ͻ р 1, there is some
The assumptions described by conditions (2.11) and (2.12) are formal mathematical representations of the key biological assumptions of the trade-off theory of ageing.
THE OPTIMALITY OF NOT AGEING VERSUS AGEING
From equations (2.9), (2.7) and (2.8) we have
where
In the present study, we focus specifically on whether a non-ageing strategy (x = 0) is a locally optimal life-history strategy. For this purpose, consider the function
where r 0 = r(0), the population growth rate at x = 0. W(x) can be regarded as a measure of the expected total contribution to fitness of future vitality for a life-history strategy x, compared with a baseline non-ageing population. The term exp{Ϫ(r 0 ϩ )t} captures the declining importance of the future. Equation (3.2) is therefore a weighted integral of future vitality, with progressively less weight further into the future. Let W(0) = W 0 . Then from equations (2.10) and (3.2):
We show in Appendix A that a positive value of x represents a fitter strategy than x = 0 if W(x) Ͼ W 0 , and a less fit strategy if W(x) Ͻ W 0 . Thus, a non-ageing strategy will be locally optimal if W(x) Ͻ W 0 for all x in some range 0 Ͻ x Ͻ x 1 .
We may also use a differential criterion for optimality. This requires that, for x = 0 to be locally optimal, dW/dx Ͻ 0 at x = 0. From equation (3.2) we obtain dW dx
The non-ageing strategy will be locally optimal if this expression is less than zero. 
APPLICATION TO A MODEL OF AGEING (a) Exponential ageing
We begin with a simple model of ageing (Sozou & Seymour 2003) . Suppose an animal's vitality declines at a rate proportional to its current vitality, this rate depending on the life-history variable x:
then vitality will satisfy
We assume that g(x) increases as x increases and that ageing is prevented at x = 0, i.e. g (0) = 0. Substituting equation (4.1) into equation (3.2) yields
The non-ageing strategy is fitter than a strategy with x Ͼ 0 if W(x) Ͻ W 0 . From equations (3.3) and (4.2) this holds provided that
That is, g(x) must increase more rapidly with x than does a linear function with a slope equal to r 0 ϩ , the rate at which the importance of the future declines in equation (3.2).
(b) A generalized version of exponential ageing We now modify the above model, to allow for a more realistic assumption that vitality may decay more rapidly as the animal gets older. Consider a model in which
with n Ͼ 0, and as before g (0) = 0 and g(x) increases with x. Figure 2 illustrates how vitality changes with t for different values of n, for fixed x with g(x) = 1. For n = 1, we have straightforward exponential ageing. For larger n, we see a pattern in which vitality declines slowly at first and then progressively more rapidly. To establish the optimality or otherwise of ageing for this example, we use the differential criterion (equation (3.4) ). From equation (4.4) we have
For example, suppose that g(x) = ␣x ␥ , where ␥ Ͼ 0. Then from equations (3.4) and (4.5), if ␥ Ͻ 1/n, the non-ageing strategy is locally optimal. Conversely, if ␥ Ͼ 1/n, ageing is a better strategy. As n is increased, the value of ␥ below which a non-ageing strategy is optimal falls, i.e. the conditions for a non-ageing strategy to be optimal become more stringent.
VITALITY THRESHOLDS
The analysis of § 4 has considered the optimality or otherwise of ageing under rather specific functional assumptions about the pattern of ageing. We now consider the problem from a different and less constrained point of view, in terms of the length of time over which vitality remains reasonably high.
(a) A condition for no ageing to be locally optimal Consider some number with 0 р р 1. Then from condition (2.11) there is an age T(x) such that relative vitality satisfies
v(x,t) р for t у T(x).
We assume that T(x) increases as x decreases, with T(x) → ϱ as x decreases to zero. For 0 р t Ͻ T(x) we assume only that v(x,t) р 1. Hence:
exp{Ϫ(r 0 ϩ )t}dt.
This yields
For a non-ageing strategy to be locally optimal, we require W(x) Ͻ W 0 for small x. Substituting from equation (3.3) and solving for T(x) gives as a sufficient condition figure 3a . A non-ageing strategy will be locally optimal if at small x vitality falls to a level that is sufficiently 'low' at a time that is sufficiently 'early'. The factor 1/(r 0 ϩ ) can be regarded as a time constant, corresponding to the reciprocal of the rate at which the importance of the future diminishes. A smaller value of r 0 ϩ makes this time constant larger; other things being equal, this makes it more likely that a non-ageing strategy will be optimal.
(b) A condition for no ageing not to be locally optimal Can we directly reverse the argument in § 5a, i.e. find a condition for no ageing not to be locally optimal when vitality is above some threshold level (1 Ϫ ) for sufficiently long? In fact this approach cannot work for any fixed . The reason is that the argument must work in the limit of x → 0. But for fixed the best that could be If ageing occurs, relative vitality will fall to a level at or before some time T(x). A non-ageing strategy will be fitter than the ageing strategy x Ͼ 0 if T(x) is less than a critical value, given by (r 0 ϩ ) For positive x, relative vitality will remain at or above a level given by 1 Ϫ x/(1 ϩ x) for at least some duration T(x). This will be better than a non-ageing strategy if T(x) is greater than a critical value, given by (r 0 ϩ )
] are plotted for various values of . Again, these correspond to the critical value of T(x) expressed in units of 1/(r 0 ϩ ). From top to bottom: = 0.3, 0.2, 0.15, 0.1, 0.05 and 0 (bottom curve). The top curve in (a) and the bottom curve in (b) are identical. They correspond to the boundary between a non-ageing strategy being optimal and not optimal for sudden-death ageing (see § 6).
achieved is a lower bound on W(x) for small x of W 0 (1 Ϫ ). This is clearly smaller than W 0 . To show that no ageing is not locally optimal, we need to show that W(x) is larger than W 0 for small x.
Instead, we consider a vitality function satisfying
where 0 р Ͻ 1 and T(x) is a decreasing function of x, with T(x) → ϱ as x → 0. From equations (5.2) and (3.2) we obtain
Ageing is optimal if W(x) Ͼ W 0 for small x. Substituting from equations (5.3) and (3.3) and rearranging, this holds provided that
(5.4) Equation (5.4) says that, for a low rate of ageing to be better than no ageing, vitality must remain 'high' for 'a long time' at small x. The lower bound on T(x) in equation (5.4) is illustrated for various values of in figure  3b . A larger value of r 0 ϩ makes it more likely that ageing will be favoured by natural selection. This is consistent with the classic prediction of evolutionary theories of ageing, that increased extrinsic mortality and population growth will tend to select for more rapid ageing.
SUDDEN-DEATH AGEING
Finally, we consider the most extreme possible form of a rapid decline in vitality: this is essentially a model representation of Kirkwood's mobbits (Kirkwood 1999) . We assume that there is no decline in vitality until some deterministic terminal age, T, at which the animal suddenly dies. That is, v(x,t) = 1 if t Ͻ T and v(x,t) = 0 if t Ͼ T. The terminal age, T, is a decreasing function of x, with T(x) → ϱ as x → 0. Thus vitality satisfies conditions (2.11) and (2.12).
From equation (3.2) we obtain
For a non-ageing strategy to be optimal, we require W(x) Ͻ W 0 for small x. Substituting from equation (3.3) gives
(6.1) Conversely, no ageing will not be locally optimal if
Thus, a non-ageing strategy will be locally optimal if the terminal age T increases more slowly than logarithmically in 1/x. This requires that a small increase in x must cause a very dramatic reduction in the terminal age T.
These results can be related to the analyses of § § 4 and 5. Sudden-death ageing corresponds to = 0 in equation (5.1), yielding equation (6.1) for no ageing to be locally optimal (figure 3a, top curve). It also corresponds to = 0 in equation (5.4), giving equation (6.2) for no ageing not to be locally optimal ( figure 3b, bottom curve) . Now consider the generalized exponential model of ageing described by equation (4.4). Recall that, if g (x) = ␣x ␥ , where ␥ Ͼ 0, a non-ageing strategy will be locally optimal if ␥ Ͻ 1/n and sub-optimal if ␥ Ͼ 1/n. Sudden-death ageing corresponds to the mathematical limit of exponential ageing as n → ϱ, with T(x) = 1/ g (x). It follows that, if T(x) = 1/(␣x ␥ ), there is no ␥ for which the non-ageing strategy will be optimal. This is consistent with equation (6.2): for sudden-death ageing, a nonageing strategy cannot be optimal if T increases with x more quickly than logarithmically in 1/x at small x.
DISCUSSION
Our analysis has shown that in principle it is possible for a non-ageing life-history strategy to be optimal. We have made standard assumptions about life histories and the onset of ageing: in particular that the rate of ageing is determined by a continuous variable, and, as this variable tends towards the value that would give no ageing, the age at which the organism suffers any significant deterioration resulting from ageing tends towards the increasingly distant future (condition (2.12)).
To facilitate the analysis we have proposed a new lifehistory term, vitality, which encompasses the combined effects of declining fertility and increasing mortality. Vitality is a declining function of time if ageing occurs, otherwise it maintains a constant value. The usefulness of the vitality framework is that it encompasses both physiological and ecological aspects of the fitness effects of ageing. It has been argued, for example, that a small deterioration in physiological condition measured in the laboratory may give rise to a large increase in mortality in some environments (Abrams 1993; Williams & Day 2003) . Such a rise in mortality would imply a large increase in the rate of decline of vitality, which is the ecologically relevant measure of ageing.
If ageing results in an exponential decline of vitality with time, a non-ageing strategy will be optimal if the exponential rate constant increases relatively rapidly with the life-history variable. For a generalized model of exponential ageing, moving towards acceleration in the rate of decline with age, it becomes progressively more difficult for a non-ageing strategy to be optimal.
The analysis in § 4 considers the age by which a significant decline in vitality has occurred. A non-ageing strategy is locally optimal if ageing has a 'sufficiently early' onset after sexual maturity. Conversely, ageing is optimal if its onset is 'sufficiently slow' for a 'sufficiently long' time.
The most mathematically extreme example of an ageing pattern in which deterioration accelerates with time is sudden-death ageing: there is no deterioration in condition up to a time, determined by the life-history variable, at which the organism suddenly dies. Even for this example, a non-ageing strategy can theoretically be optimal, though the required mathematical conditions could be regarded as onerous.
How does this analysis relate to what is understood about the biology of ageing? Death rates are observed to accelerate dramatically with age in a wide range of species (Finch 1990 ). There are also biological reasons to suppose that positive-feedback processes are important in ageing (Kowald & Kirkwood 1996) . Such a pattern, in which the rate of decline is slow for young adults and accelerates at later ages, would tend to favour ageing.
The extrinsic hazard rate (i.e. mortality excluding the additional mortality that arises from the effects of ageing) and the population growth rate also have a bearing on the analysis. Other factors being equal, a non-ageing strategy would be more likely to be optimal when the sum of these two rates is low.
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APPENDIX A
We consider fitness functions associated with the EulerLotka equation, and then proceed to obtain the properties of the function W(x) used in the main text.
Let x be a vector of life-history variables, which results in age-specific survival l(a,x) and birth rate m(a,x), where a represents chronological age, i. Thus, by comparing R(x, y) with R( y,y), we can determine whether a life-history strategy x is fitter than a lifehistory strategy y. The intuition behind this result may be explained as follows: x will be fitter than y if it results in a higher value of r, i.e. if r(x) Ͼ r(y ). We may, equivalently, say that x will be fitter than y if a resident population employing strategy y can be invaded by a new phenotype employing strategy x.
A strategy x * is a local fitness maximum if r * = r(x * ) Ͼ r(x) for all x x * in some neighbourhood of x * in parameter space. Thus, the results in equations (A 3) show that x * is a local fitness maximum if R(x,x * ) Ͻ R(x * . That is, fitness is equal to expected future reproduction, discounted at the maximum achievable population growth rate. In the case of a stable population, for which the local maximum achievable population growth rate is zero (r * = 0), fitness is maximized by maximizing lifetime reproductive output.
For the situation described in § § 2 and 3, we consider a single life-history variable x. The Euler-Lotka equation We define the function W(x) as
W(x) = R(x,0),
and so we conclude that x = 0 is a locally optimal lifehistory strategy if it is a local maximum of W(x).
